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The Effect of Suction and Injection on Unsteady Flow
of a Dusty Conducting Fluid in Rectangular Channel

Hazem Ali Attia*
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P.O. Box 237, Buraidah 81999, Kingdom of Saudi Arabia

In the present study, the unsteady Hartmann flow of a dusty viscous incompressible elec-
trically conducting fluid under the influence of an exponentially decreasing pressure gradient is
studied without neglecting the ion slip. The parallel plates are assumed to be porous and
subjected to a uniform suction from above and injection from below. The fluid is acted upon

by an external uniform magnetic field which is applied perpendicular to the plates. An analytical
solution for the governing equations of motion is obtained to yield the velocity distributions for

both the fluid and dust particles.
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1. Introduction

The study of the flow of dusty fluids has been
considered by many researchers due to its wide
applications in the fields of fluidization, combus-
tion, use of dust in gas cooling systems, centrifu-
gal separation of matter from fluid, petroleum in-
dustry, purification of crude oil, electrostatic pre-
cipitation, polymer technology, and fluid droplet
sprays. The hydrodynamic flow of dusty fluids
was studied by a number of authors (Saffman,
1962 ; Gupta et al., 1976 ; Prasad et al., 1979;
Dixit, 1980 ; Ghosh et al., 1984 ; Kim, 2002 ; Ahn
et al, 2002). Later the hydromagnetic flow of
dusty fluids was studied (Singh, 1976 ; Mitra et
al., 1981 ; Borkakotia et al., 1983 ; Megahed et
al., 1988 ; Aboul-Hassan et al., 1991 ; Chamkha,
1997, 2000 ; Attia, 2002 ; Seddeek, 2002, 2003). In
the above mentioned work the Hall and ion slip
terms were ignored in applying Ohm’s law. In
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fact, the Hall effect is important when the Hall
parameter, which is the ratio between the elec-
tron-cyclotron frequency and the electron-atom-
collision frequency is high (Crammer et al., 1973).
This happens when the magnetic field is high or
when the collision frequency is low (Crammer et
al., 1973). Furthermore, the masses of the ions
and electrons are different and, in turn, their
motions will be different. Usually, the diffusion
velocity of electrons is larger than that of ions
and, as a first appriximation, the electric current
density is determined mainly by the different ve-
locity of the electrons. However, when the elec-
tromagnetic force is very large (such as in the case
of strong magnetic field), the diffusion velocity of
the ions may not be negligible (Crammer et al.,
1973). If we include the diffusion velocity of ions
as well as that of electrons, we have the pheno-
mena of ion slip. In the above mentioned work,
the Hall and ion slip terms were ignored in ap-
plying Ohm’s law, as they have no marked effect
for small and moderate values of the magnetic
field. However, the current trend for the ap-
plication of magnetohydrodynamics is towards
a strong magnetic field, so that the influence of
electromagnetic force is noticeable under these
conditions, and the Hall current and the ion slip
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are important and they have a marked effect on
the magnitude and direction of the current densi-
ty and consequently on the magnetic force term
(Crammer et al., 1973). The effect of the Hall
current or the ion slip on the Hartmann flow of a
clean fluid was studied by a number of authors
(Sutton et al., 1965 ; Soundalgekar et al., 1979,
1986 ; Attia, 1998, 2002). Aboul-Hassan and
Attia (2002) studied the influence of the Hall
current on the flow of a dusty conducting fluid in
a rectangular channel neglecting the ion slip.

In the present work, the transient Hartmann
flow of an electrically conducting, viscous, incom-
pressible, dusty fluid is studied with the consi-
deration of both the Hall current and ion slip.
The fluid is flowing between two infinite elec-
trically insulating porous plates. The fluid is
subjected to a uniform suction from above and a
uniform injection from below. An external uni-
form magnetic field is applied perpendicular to
the plates while the induced magnetic field is neg-
lected by assuming a very small magnetic Rey-
nolds number. The fluid is acted upon by an
exponentially decaying with time pressure gra-
dient. This configuration is a good approximation
of some practical situations such as flow meters
and pipes that connect system components. The
equations of motion are solved analytically using
the method of Laplace Transform to obtain the
velocity distributions for both the fluid and dust
particles as functions of space and time.

2. Description of the Problem

The dusty fluid is assumed to be flowing be-
tween two infinite horizontal electrically non-
conducting plates located at the y= 1/ planes, as
shown in Fig. 1. The plates are subjected to a
uniform suction from above and a uniform injec-
tion from below. Thus the y-component of the
velocity of the fluid is assumed constant and
denoted by v,. The dust particles are assumed to
be spherical in shape and uniformly distributed
throughout the fluid. A uniform pressure gradi-
ent, which is taken to be an exponentially de-
caying with time, is applied in the horizontal
direction. A uniform magnetic field B, is applied

Uniform suction
R ca I N A

y Main flow
——————

Upper plate

x
Flow due to the hall effect

y=-h]I]]I

Uniform injection

Lower plate

Fig. 1 The geometry of the problem

in the positive y-direction. This is the only mag-
netic field in the problem as the induced magnetic
field is neglected by assuming a very small mag-
netic Reynolds number (Crammer et al. 1973).
The fluid motion starts from rest at =0, and the
no-slip condition at the plates implies that the
fluid and dust particles velocities have neither a
z nor an x-component at y= X/, It is required
to obtain the time varying velocity distributions
for both fluid and dust particles. Due to the in-
clusion of the Hall current term, a 2-component
of the velocities of the fluid and of dust particles
is expected to arise. Since the plates are infinite
in the x and z-directions, the physical quantities
do not change in these directions that is 9/dx=
3/0z=0 and the problem is essentially one-di-
mensional.

3. The Velocity Distribution

The flow of fluid is governed by the momentum
equation

ov
o(GF+(VWIV)
=—VP+uViv+JxB,— KN (v—v,)

where o is the density of clean fluid, u is the
viscosity of clean fluid, v is the velocity of the
fluid =u(y, fli+voj+w(y, t)k, vp is the ve-
locity of dust particles =up(y, )i+ we(y, 1)k,
J is the current density, N is the number of dust
particles per unit volume, K is the Stokes cons

(1
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tant =67ua, and “a”
particles.

The first three terms in the right-hand side of
Eq. (1) are, respectively, the pressure gradient,
viscosity, and Lorentz force terms. The last term
represents the force due to the relative motion
between fluid and dust particles. It should be
noted that in the present work the hydrodynamic
interactions between the phases are limited to the
drag force. This assumption is feasible when the

is the average radius of dust

Reynolds number of the relative velocity is small
(Saffman, 1962 ; Chamkha, 1997). Other interac-
tions such as the virtual mass force, the shear
force, and the spin-lift force are assumed to be
negligible compared to the drag force (Chamkha,
1997).

If the Hall and ion slip terms are retained, the
current density J from the generalized Ohm’s law
is given by (Crammer et al., 1973 ; Sutton et al.,
1965)

J=a[vao—ﬁe(JxBo) +%/f—f(JxBo>xBo] @)

where ¢ is the electric conductivity of the fluid,
Be is the Hall factor and B, is the ion slip para-
meter (Crammer et al., 1973 ; Sutton et al., 1965).
Solving Eq. (2) for J gives

0B} .
m[((l+ﬁzﬂe) u+Bew)i

+((| -I-B,B,_,) w_ﬁeu)k]

where Be=08B,, is the Hall parameter (Crammer
et al,, 1973 ; Sutton et al., 1965). Thus, in terms of
Eq. (3), the two components of Eq. (1) read

JxBo= (3)

du ou _dP 32u

pﬁ+p ° 3y dx ay (4)
oB: _ ~
‘m((lwzﬂe)ﬁﬂew) KN (u—up)
3w+ dw _ Bzw
P ot PV ay ayz (5)
oB: _
W( l+.B|Be) w_ﬂeu) —KN(w up)

The motion of the dust particles is governed by
Newton’s second law applied in the x and 2z-
directions
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My aaZ;P =K (u—up) (6)
mp a;l;P =K(w—Wp) (7)

where m, is the average mass of dust particles. It
is assumed that the pressure gradient is applied at
£=0 and the fluid starts its motion from rest.
Thus,

Uu=up=w=wp=0 at {<0

The no-slip condition at the plates implies that
U=up=w=wpr=0 at y==4, for >0
The problem is simplified by writing the equa-
tions in the non-dimensional form. The charac-
teristic length is taken to be %, and the charac-
teristic time is o4/ u while the characteristic ve

locity is p/hp. We define the following non-di-
mensional quantities

(£, 9. 8=(x, v, 2)/h
F=tu/ph?, P=Poh*/ 12
(@, D, @) =(u, v, w)ph/p
(@p, Dp, Wp) =(up, Up, Wp) Oh/

S=phv,/ 1 is the suction parameter
G=mypu/ph*K is the particle mass parameter
Ha*=0B%Hh/ 1 is the Hartmann number squared
R=KNF/y is the particle concentration para-
meter.

In terms of the above non-dimensional quanti-
ties the velocity equations read

dP 82u
_ Hd* . (8)
(|+/3‘Be)g+ﬁg ((l+lgxlge) u"'ﬂeu))
—R(u—up)

ou_ Fuw HZ
N N (1+BL)
—R(w lUp)

ow |
ot

+S ((14B.8e) w—Beu)

(9)

G a;;"——u up (10)

Gaw”—w—w,p (n

where the hats are dropped for convenience. The
above four equations may be reduced to two cou-
pled complex equations by introducing the quan-
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tities V=wu+iw and Vp=up+iwp. To perform Vi, t)=C§fl( P (exp(PN1xt) —exp(—at))

this we multiply Eq. (9) by 7 and add it to Eq. PNi+a
(8) and multiply Eq. (11) by 7 and add it to Eq. +PI€2I-2I-a(exP(PN2Xt) —exp(—at))
(10) and get after rearrangement P (17)
PV _ oV _HE(U+RB)—ifd) |, T PNyt 0 (PNst) —exp(=at))
ay* oy (1+B:Be)*+ B2 Pl4
v ap (12) +m(exp(PN4xt) —exp(—at)))
—S——R(V—=V,)=——
ot dx = PIP)
Voly. ) =C 3( P (exp(PN1xt) —exp(~ at))
an_ n=1 i+a
ot VTV (13) PIP?
+PN2+a(exp(PN2xt) —exp(—at))
with the initial and boundary conditions, V= PIP3 (18)
Vo=0 at t<0, V=1V,=0 at y==1, for ¢t>0. +T’N3—-i-a(exP(PN3xt) —exp(—at))
Equations (12) and (13) may be solved using PIP4
the method of Laplace Transform (LT) (Spiegel, + PN4+a(exp(PN4xt) —exp(—at)))

1986) to obtain Vand V} as functions of y and  \ypere
t. The real part of Vor V, ts the x-com-
e real part of Vor V), represents the x-com —dP/dx=Cexp(~at)

ponent of the velocity while the imaginary part
_ NN1xG-B+V(NN1xG—B)*-4xGx(A—NN)

represents the z-component. Taking LT with re- PN
spect to time of Egs. (12) and (13) we have 246
AT a7 = MV1xG—B~/(NN1xG~ B)*~4xGx (A—NN1)
0 —SW—AV—SV—R(V— Vo) =—Fl(s) (14) 2xG
o _ NN2xG—B+/(NN2xG—B)*—4xGx (A—NN2)
GsVy=V-7, (15) PN3= G
where V=V (y, s) and V,=V,(y, s) are re- PN4=NN2xG—B—WN2xG—B)2—4xGx(A—NN2)
spectively, the LT of V(y, £) and V,(y, ¢), %G

A=Ha*((1+B.8) —iB) /((1+ BB+ ) and  pr\ = NN'3/KPN1xDPN|
— F(s) is the LT of the pressure gradient. V and

V, must satisfy the boundary conditions, V= PI2=NN3/KPN2xDPN2
V,=0 at y==%1. All the bars will be drop- PI3=NN4/KPN3xDPN3

ped for convenience. Eliminating V) gives Pl4a=NN4/KPNaxDPNa
2 .

2
dy PIP2=PI2/(1+ GxPN2)
where Ki=Ki(s)=A+s+R(1—1/(1+Gs)). PIP3=PI3/(1+GxPN3)

The solution of the above equation gives
h(ay) PIP4=PI4/(1+ GxPN4)
- _cosh\gy) -
Vv 9 =Fs)/K(1- g ) B=1+G(A+R)
NN1=-[I*(n—1)*—S*/4
NN2=—[1*(n—0.5)*-5%/4

and from Eq. (12) we obtain

Vo(y. s) =F(S)/K2( I _%%) NN3=2I1(-1)"(n—1)exp(Sy/2)smh(S/2)sin(Tl (n—1) y)
where g?=(S+4K.) /4 and K;=K\(1+Gs). Using  NN4=21(=1)""(n=05)exp(Sy/2) cosh(S/2)cos ([T (n=051y)
the complex inversion formula and the residue KPN1= GxPN1I’*+BxPN1+A
and convolution theorems (Spiegel, 1986), the 1+GxPN1
inverse transforms of V(y, s) and Vy(y, s) are KPN2= GxPN2*+BxPN2+ A

given as 1+ GxPN2
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_ GxPN¥+BxPN3+A
KPN3= 1+ GxPN3

__ GxPN4#+BxPN4+ A
KPN4= [+ GxPN4

(1+GxPN1) x (2xGxPN1+B) - Gx (GxPN1*+ BrPN1+ A)
(14 GxPN1Y?

DPNI1=

{1+GxPN2) x{2xGxPN2+ B) - Gx (Gx PN2+ BxPN1+ A;
(1+GxPN2)?

DPN2=

(14 GxPN3) x(2xGxPN3+ B) - Gx (GxPN3+ BxPN3+ A
{1+GaPN3)?

DPN3=

(1+GxPN#) x(2xGxPN4+ B) ~ Gx (GxPN4+ ByPN4+ A}
(1+GxPN4)?

DPN4=
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Fig. 2 Time development of the profile of (a) u;
(b) w. (Ha=3, B.=3, B,=3, 5=1)
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The summation parameter # and the coordinate y
are included in the above quantities. It should be
noted that the general exact results obtained
herein reduce to those reported by Aboul-Hassan
et al.(2002) when B,=0. Also, the solutions re-
ported by Attia (1998) are reproduced by setting
K=0 and 3,=0 in the present results. While
comparisons with previously published theoreti-
cal work on this problem were performed, no
comparisons with experimental data were done
because, as far as the author is aware, such data
are lacking at the present time.

4. Results and Discussion

Figures 2 and 3 present, respectively, the pro-
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Fig. 3 Time development of the profile of (a) #p:

(b) wp. (Ha=3, B.=3, 5,=3, S=1)
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files of the velocity components of the fluid « and
w and particles %, and w, for various values of
time . The figures are plotted for Ha=3, 5.=3,
B:=3, and S=1. As shown in Fig. 2(a), 2(b), 3
(a), and 3(b) the profiles of #, w, %, and w, are
asymmetric about the plane y=0 because of the
suction. It is observed that the velocity component
u reaches the steady state faster than w which is
expected, since u is the source of w. The same
observation is clear in Fig. 3. Comparing Figs. 2
and 3 shows that the velocity components of the
fluid phase reach the steady state faster than that
of the particle phase. This is because the fluid
velocity is the source for the dust particles’ veloc-
ity. It is shown that the velocity components of
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the fluid and dust particles do not reach the
steady state monotonically due to the effect of the
pressure gradient.

Figures 4 and 5 show the time evolution of the
velocity components at the centre of the channel
(y=0), respectively, for the fluid and particle
phases for various values of the Hall parameter S,
and the ion slip parameter B.. In these figures,
Ha=3 and S=0. It is clear from Figs. 4(a) and
5(a) that increasing the parameter 8. or §, in-
creases % and #p. This is because the effective con-
ductivity (o/ ({14 B.8.)*+ 52)) decreases with in-
creasing f. or f: which reduces the magnetic
damping force on u. In Figs. 4(b) and 5(b), the
velocity components w and w, increases with
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Fig. 4 Effect of 8. and B, on the time development
of (a) uat y=0; (b) w at y=0

Fig. 5 Effect of 8, and §, on the time development

of (a) up at y=0; (b) w, at y=0
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increasing fe, since w is a result of the Hall effect.
However, for large values of f;, increasing S, de-
creases w. On the other hand, increasing the ion
slip parameter §; decreases w for all values of
Be as a result of decreasing the source term of
w(BeHdPu/ ((1+ B.B:)%+ %)) and increasing its
damping term (Ha*(14+B.8:) w/((1+ BeB:) %+
B%)). The influence of the ion slip on w and
wp becomes more pronounced for higher values
of B..

Figures 6 and 7 show the time evolution of the
velocity components at the centre of the channel
(y=0), respectively, for the fluid and particle
phases for various values of the Hartmann num-
ber Ha and the ion slip parameter B;. In these

o8
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05 |
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] ) \
u | \ |
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11 b
[
/ "
50 B A .
e ]
o fif AT

| o=

P & + 4 —J
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figures, Be=3 and S=0. Figures 6(a) and 7(a)
indicate that the effect of 8; on u and u, depends
on Ha. For small values of Ha, increasing S,
slightly decreases # and u, as a result of in-
creasing the damping force on 2 which is pro-
portional to B,. Increasing B; more increases the
effective conductivity and, in turn, decreases the
damping force on % which increases % and .
On the other hand, for larger values of Ha, u
becomes small, and increasing 8; always decreases
the effective conductivity and therefore increases
u and up. It is also clear that the effect of §; on
u and up, becomes more apparent for higher
values of Ha. Figures 6(b) and 7(b) ensure that
increasing the ion slip parameter §; decreases w
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Fig. 6 Effect of Ha and §; on the time development
of (a) u at y=0; (b) wat y=0

Fig. 7 Effect of Ha and §; on the time development
of (a) up at y=0; (b) wp at y=0
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and wp for all values of Ha and that its effect is
more apparent for higher values of Ha.

Figures 8 and 9 present the time evolution of
the velocity components at the centre of the
channel (y=0), respectively, for the fluid and
particle phases for various values of the suction
parameter S and the ion slip parameter 8. In
these figures Ha=3 and B.=3. Figures 8(a), 8
(b), 9(a), and 9(b) show that increasing the
suction decreases %, w, #p and wp due to the
convection of the fluid from regions in the lower

and wp decreases as f; increases. It should be
mentioned that the results obtained herein reduce
to those reported by Aboul-Hassan and Attia
(2002) in the case 8,=0.

Table 1 presents the effect of variation of the
particle concentration parameter R on the steady
state velocity components % and w at the centre of
the channel (y=0) for Ha=1, f.=3, §,=3 and

Table 1 Variation of x and w at y=0 for various

) ) ) values of R
half to the centre which has higher fluid speed. It
. 0 0.25 0.5 0.75 1
is also clear from these figures that the effect of
the suction parameter on « and %, becomes more Ld 2.4067 | 2.3855 | 2.3612 | 2.3345 | 2.3062
pronounced as f8; increases while its effect on w w | 00644 | 0.0257 | 0.0249 | 0.0242 | 0.0234
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S=0. The table indicates that increasing R de-
creases the steady state of both % and w.

5. Conclusions

The unsteady flow of a dusty conducting fluid
under the influence of an applied uniform mag-
netic field has been studied, considering the Hall
and ion slip effects in the presence of uniform
suction and injection. The effect of the magnetic
field, the Hall parameter, the ion slip parameter,
and the suction and injection velocity on the
velocity distributions for both the fluid and par-
ticle phases has been investigated. It is found that
the effect of the ion slip on the main velocity of
the fluid and particles 2 and wup, respectively,
depends upon the magnetic field. For large values
of the magnetic field, increasing the ion slip in-
creases # and up. For small values of the mag-
netic field, increasing the ion slip slightly de-
creases # and up, but increasing it more increases
u and wup. It is also shown that increasing the Hall
parameter increases the velocity component w
and wp, while increasing the ion slip decreases w
and wp. The influence of the Hall current on w
and w, decreases greatly as the ion slip increases.
The effect of the suction and injection velocity on
u and up increases as the ion slip increases while
its effect on w and w, decreases when increasing
the ion slip.
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